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Motivation

• Fast insight on the laminate behaviour without FEA

• Creation of the interactive Mathematica applet for the 
fast laminate design (tailoring)



Laminate theory

• Scheme of the laminate and used notation
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• Main idea of the Laminate Theory
• Set up the global laminate stiffeness matrix („Hookes´ law“).

• Solve the global laminate behaviour.

• Return back to single layers and solve the desired quantities.



Laminate theory

• Properties of the single layer
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Laminate theory

• Properties of the single layer

Vector of CTEs in material CS
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Laminate theory

• Calculation of the whole laminate
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∫ Stress and moment equilibrium
over laminate height
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Laminate theory

• Stiffeness matrix of the whole laminate
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Laminate theory

• Calculation of strain and stresses
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Laminate theory

• Apparent properties of the whole laminate
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Laminate theory

• Deformation of the laminate (plate curvatures)
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Examples
(for pure thermal loading)



Examples
1) Symmetric laminate with isotropic layers:

Property Units M1 M2
Young´s modulus E MPa 390000 280000
Poissons ratio  ν - 0.22 0.22
CTE α (20-1200°C) 10-6K-1 9.8 8.0

M1

M2

M1
THM1=1mm
THM2=1mm

ΔT=-1230°y

x

z



Examples

Stresses:

Deformation:

1) Symmetric laminate with isotropic layers:

σx σy

y x

y
x



Examples

Strains:

1) Symmetric laminate with isotropic layers:

εx,el

εy,el

εx,th

εy,th

εx,tot

εy,tot

y x



Examples
2) Non-symmetric laminate with isotropic layers:

Property Units M1 M2
Young´s modulus E MPa 390000 280000
Poissons ratio  ν - 0.22 0.22
CTE α (20-1200°C) 10-6K-1 9.8 8.0

M1

M2

THM1=1.5mm
THM2=1.5mm

ΔT=-1230°y

x

z



Examples
2) Non-symmetric laminate with isotropic layers:

Stresses:

Deformation:

σx σy

Cut: y=0
Cut: 
x=0

y x

y
x



Examples
2) Non-symmetric laminate with isotropic layers:

Strains

εx,el

εy,el

εx,th

εy,th

εx,tot

εy,tot

y x



Examples
3a) Non-symmetric laminate with orthotropic layers:

0.238-Poissons ratio  νLT(LZ)

8010-6K-1CTE αT (20°C)
-410-6K-1CTE αL (20°C)

76000MPaYoung´s modulus EL

Property Units Value *

Young´s modulus ET MPa 5500

Shear modulus  GLT(LZ) MPa 2300

L1 (90°)

L2 (0°)

THM1=1.5mm
THM2=1.5mm

ΔT=500°
90°

θLX (L1)=90°

θLX (L1)=0°

* Epoxy Matrix Composite reinforced by 50% Kevlar fibers

y

x

z



Examples

Stresses:

Deformation:

3a) Non-symmetric laminate with orthotropic layers:

σx σy

Cut: y=0
Cut: 
x=0

y x

y
x



Examples

Strains

3a) Non-symmetric laminate with orthotropic layers:

εx,el

εy,el

εx,th

εy,th

εx,tot

εy,tot

y x



Examples

0.238-Poissons ratio  νZL(TL)

8010-6K-1CTE αT (20°C)
-410-6K-1CTE αL (20°C)

76000MPaYoung´s modulus EL

Property Units Value *

Young´s modulus ET MPa 5500

Shear modulus  GZL(TL) MPa 2300

L1 (45°)

L2 (0°)
THM1=1.5mm
THM2=1.5mm

ΔT=500°
45°

θLX (L1)=45°

θLX (L1)=0°

* Epoxy Matrix Composite reinforced by 50% Kevlar fibers

3b) Non-symmetric laminate with orthotropic layers:
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Examples

Stresses:

Deformation:

3b) Non-symmetric laminate with orthotropic layers:

σx σy

Cut: y=0
Cut: 
x=0

y x

y
x



Examples

Strains:

3b) Non-symmetric laminate with orthotropic layers:

εx,el

εy,el

εx,th

εy,th

εx,tot

εy,tot

y x



Summary



CODE INPUT *):

• Number of layers + layer thicknesses.

• Material properties of each layer (isotropic or orthotropic with general 
fiber orientation).

• BC - External force, moment or ΔT applied on the laminate
(also combination of them).

CODE OUTPUT *):

• Stress and strain (total, thermal) distribution over all layers – in XY or 
LT coordinate system.

• Deformation of the laminate midplane (bending and also twisting)

• Apparent material properties of the whole laminate (homogenization).

• Position of the neutral plane.

• And another... (e.g. ply failure analysis, ...).

Model possibilities

*) Processed in Mathematica 8 or Matlab 2010



Conclusions

• Laminate theory and FE calculations are a in good agreement.

• Laminate theory is thus suitable for the fast laminate design 
(tailoring) – without need of FEM!

Application

• Design of the layer number, thicknesses or their material 
properties to:

• reach some maximal (residual) stresses in each layer.

• meet the requirements on the global laminate behaviour (total 
deformation).

• Determination of the critical laminate loading.

• ...
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